Matrix elements of the Runge-Lenz vector A are presented for those linear combinations of degenerate hydrogenic functions often referred to as hybrid orbitals. The uncertainties in the components of A for each type of wave-function are related to the distribution of classical Kepler orbits corresponding to each function. Matrix elements of A with respect to radially nodeless Slater functions are presented, as these functions are often used as a basis set in atomic and molecular calculations. The properties of A for a piecewise Coulombic central field are discussed in relation to the description of penetrating orbits in the old quantum theory. Simultaneous eigenfunctions of A and the Hamiltonian cannot be chosen for the piecewise Coulombic field because of a discontinuity in the radial derivative of the potential energy.
It has been known for some time that the "accidental" degeneracy associated with the nonrelativistic description of the bound states of hydrogenic atoms may be related [I, 21 where p is the linear momentum operator, hL is the orbital angular momentum operator (h is Planck's constant divided by 2 r ) , r is the electron radius vector, and P is a constant pZ e 2 / h with the dimensions of momentum where p is the reduced mass, 2 is the atomic number, and e is the magnitude of electron charge. The constant P may also be written as Z h / a H , in which aH = h 2 / p e2 = ( m / p ) a o where m is the electron mass and a. is the Bohr radius for infinite nuclear mass. Classically, the vector A lies along the major axis of an elliptical orbit and has a magnitude equal to P times the eccentricity of the orbit. For the sign convention in Eq. (l), A points in the direction of the perihelion of the orbit.
The Runge-Lenz vector has attracted considerable attention in recent years because of its usefulness in approximately describing [5-121 the dynamical symmetry in two-electron atoms. Specifically, configuration mixing coefficients for doubly excited states have been obtained group-theoretically by considering a basis which is diagonal in the square of the difference of the Runge-Lenz vectors of the electrons and subject to conservation of parity and of orbital and spin angular momenta. Other applications have included the evaluation [13] of Coulomb integrals with respect to hydrogenic wave-functions and the determination [14] of a "hidden" constant of motion for the two-center Coulomb problem. Some developments in the analysis of the dynamical symmetries of classical systems included the demonstration [15,16] of the existence of a RungeLenz-type vector for all spherically symmetric single-particle potentials in three dimensions.
The basic commutation relationships involving A, L, and the hydrogenic Hamiltonian X have been given by several authors [l-31 and are
A . L = L * A=O
where the factor ejkl is the Levi-Civita tensor."
The vector A has been used to derive matrix elements of the position vector r without explicitly using radial wave-functions. The key result, obtained [2] by Englefield using a hypervirial relationship, is 4pE,(nl(lrllnE') = 3h(nlllAllnl')
in which the energy eigenvalues En are
*The tensor ejk, equals zero if any two subscripts are equal, equals +1 if j k l represents an even permutation of xyz, and equals -1 if jkl represents an odd permutation of xyz.
The double bars in Eq. (3) denote reduced matrix elements related to matrix elements by the Wigner-Eckart theorem, which for complex components may be written where v is the vector coupling coefficient of Fano and Racah [ 171. Alternatively, the use of Griffith's V coefficients [18] for real components yields in which the quantum numbers a, r, and Mr are analogous to n, I, and m, respectively.
Since A commutes with the hydrogenic Hamiltonian, the matrix of A is diagonal in the principal quantum number n, and Eq. (3) cannot be used to obtain matrix elements of r between states of different n. The fact that matrix elements of A between states of the same n are simply proportional to those of r might make it seem that there is little use in discussing the former except as a route to the latter. However, as we shall show, it is the special property of A being diagonal in n which makes it useful for an analysis of the properties of hydrogenic hybrid orbitals.
Pauli showed [3] that the eigenstates for a hydrogenic atom in a weak electric field may be chosen as simultaneous eigenstates of the components of A and L parallel to the field. For n = 2 these states are the pair of functions often described as digonal sp hybrids together with the pair of p functions with Ml = + 1. Choosing z as the field direction, these four functions are eigenstates of A,, but not of A, and A,, as the latter operators mix the digonal hybrids with 2p, and 2py functions, respectively. The operation of A, on the familiar real n = 2 functions gives
with similar results for A, and A,. Thus, A, simply interchanges the functions 2s and 2p,. The reduced matrix element* (2s(lA1)2p) is 3l/*P/2. As given by Pauli, but using Englefield's sign convention [2], the eigenvalues of A, are +P/2 for the digonal hybrids 2-'/2[12s)+ 12pz)] and zero for 2p+ and 2p-(or equivalently for 2p, and 2py). In addition, each digonal hybrid is connected to 2px by a matrix * The positive sign for (nlllA/lnl') corresponds, using Eq. (3), to a negative sign for (n//lrllnl'). This implies a choice of radial phases such that the lobe closest to the nucleus has the same sign, say positive, for all states. Thus the outer lobe of 12s) is negative, making the density associated with the digonal hybrid 2-"2[)2s)+12p,)] point along the negative z axis.
element of A, equaling 8-'"P and to 2pY by a matrix element of A, equaling
8-1/2P.
A trigonal set of sp2 functions for n = 2 may be defined by Table I we present the matrices of A,, A,, and A, with respect to the functions in Eq. (8) where i, j, and k are unit vectors in the x, y, and z directions, respectively. Thus, as indicated by Eq. (3), the expectation value of A lies antiparallel to the mean position of the charge density. The nonvanishing of Eq. (9) for the pair of digonal functions and for +kl, &, and J13 indicates that each of these hybrid functions corresponds to a set of classical elliptical orbits whose mean A value equals the expectation value. Similar properties hold for the set of four n = 2 sp' hybrid functions properties. However, it is significant that @(A,) and @(A,) for +hl are each larger by a factor of 3l" than @(A,) for Gl, indicating that +1 is closer to being an eigenfunction of A, than of A, or A,. Since it can easily be shown from the "interchange"pr0perties in Eq. (7) that any superposition of s and p functions for n = 2 is an eigenfunction of the square of the component of A parallel to the direction of the mean charge density, it follows that +1 is an eigenfunction of A:, although not of A,. 1/2[12s) f 12p,) ] correspond to sets of elliptical orbits having A, = *P/2, respectively, but with a spread of A, and A, values. Specifically, the magnitude of A, for these hybrids is 2-'/2 times that of A itself, as it is for an elliptical orbit of any orientation that places the major axis at an angle of 45" to the z axis. If, in addition, the plane of the orbit contains the z axis, then L, is zero and the correspondence is even closer.
For each of the four sp2 hybrid n = 2 functions in Eq. The results are also presented as the matrix elements in Table 111 . Reduced matrix elements for use in Eq. (6) The simultaneous eigenfunctions of A, and L, are the spd linear hybrids with ML = 0, the pd linear hybrids with ML = * 1, and the unmixed d functions with ML = k2. The properties of A with respect to hybrid n = 3 functions are similar to those we have discussed for n = 2, so that the spread in the component of A parallel to the direction of an sp3d2 hybrid is small compared to the spread in perpendicular components. The hybrid functions used to describe bonding in molecules are usually taken not as superpositions of hydrogenic functions but rather of atomic central-field functions. The matrix of A is not diagonal in the principal quantum number n for such functions, which are frequently determined by a self-consistent field (SCF) procedure involving an expansion in either a Slater or Gaussian basis set. A Slater s function may be written so that
Since a Slater pz function may be written we have
X[(ha-P)(n+n')-h(n'-l)(a+P)] (2 1)
which is not diagonal in n. For n' = 1, the second term in Eqs. (19) and (21) vanishes, while the first term approaches zero as ha approaches P = hZ/aH, the hydrogenic value of h a for n ' = 1. Thus, as expected, A annihilates a hydrogenic 1s function. For n = n' = 2 and a = P = Z/2aH, (2pz(A, (2s) from Eqs. A,(np,) = -{2hk +P}Ng"-le-P'sin 8 cos 8 cos 4 (22) which is a superposition of radially modified Ins) and (nd3s2-r~) functions, or (23) which is a modified Ind,,) function; the factor k in Eqs. (22) and (23) Tables 1-111 to a non-hydrogenic basis.
An interesting example of a central field is the piecewise Coulombic field corresponding to a positive nucleus surrounded by spherical shells of negative charge. This field has been used by McGuire [19] and by Chapman and Lohr [20] in calculating continuum wave-functions and photoionization cross sections. Since the field is Coulombic in each region of space, hydrogenic wave-functions matched at each shell radius form exact solutions of the Schrodinger equation. However, the bound states do not possess the n2 (excluding spin) hydrogenic The reason is that both commutators are proportional to ZPff, so that even though dV/dr in [A,, V] is discontinuous, the change is matched by the change in P in [A2, TI. We know that [A, cannot be zero for the piecewise Coulombic field, so we must examine the behavior of the commutators at the shell radii. Consider a single negatively charged shell of radius a. The coefficient P in A2 has a finite jump discontinuity at r = a, so we write
P = (e2p/h)[z":e(a -r ) +~$~~( r -a ) ] (30)
where O(r -a ) is the Heaviside function?, and Z":e and Z":e are the effective nuclear charges for r < a and r > a, respectively. The term in T involving,radial * While [A,, TI contains fourth derivatives with respect to Cartesian coordinates, it is easily shown to contain no derivatives higher than the third with respect to the radial coordinate r. As described in [20] , not only are the piecewise Coulombic wave-functions and their first derivatives with respect to r continuous at the shell radii, but also their second derivatives are continuous. The jump discontinuities in the third radial derivatives at the shell radii are finite, so that a Dirac 6 function does not appear until fourth radial derivatives are taken. As such derivatives do not appear in [A,, TI, we may still take this commutator to equal zero. X] does not vanish at the shell radius; hence A is not a constant of motion. It is interesting to note that the penetrating orbits obtained from the old quantum theory [21] for a two-region piecewise Coulombic field are segments of Kepler ellipses in each region. The change in the eccentricity and orientation of these segments, and hence in the value of A, in passing from one region to the other results in an advancing perihelion and an overall rosette orbit. As discussed by Born [22] , this description may be extended to the n-region piecewise Coulombic field.
In summary, it is concluded that matrix elements of the Runge-Lenz vector A provide a useful description of polar wave-functions such as those linear combinations of atomic orbitals known as hybrid orbitals. Specifically, the matrix elements of A help establish the correspondence between wave-mechanical and classical descriptions. The properties of A are described for hybrid orbitals constructed from general central-field functions for which A is not diagonal in the principal quantum number n. As a consequence, these hybrid functions are characterized by greater spreads o(A) than are their hydrogenic counterparts. Analysis of the properties of a piecewise Coulombic field shows that the noncommutation of A and 2 is associated with a discontinuity in the radial derivative of the potential energy.? Acknowledgment 
